An effective Lagrangian approach, partly inspired by Quantum Loop Cosmology (QLC), is presented and formulated in a non flat FLRW space-times, making use of modified gravitational models. The models considered are non generic, and their choice is dictated by the necessity to have at least second order differential equations of motion in a non flat FLRW space-time. This is accomplished by a class of Lagrangian which are not analytic in the curvature invariants, or making use of a mimetic gravitational scalar field. It is shown that, for some effective models, the associated generalized Friedmann equation, in general, may admit non singular metrics as solutions, while the de Sitter space-time is present only for a restricted class, which includes General Relativity and Lovelock gravity. The other models admit pseudo de Sitter solutions, namely FLRW metrics, such that for vanishing spatial curvature looks like flat de Sitter patch, but for non vanishing spatial curvature are regular bounce metrics or, when the spatial curvature is negative, Big-Bang singular metrics. *
Introduction
The theory of General Relativity (GR), with a suitable cosmological positive constant and the addition of the dark matter, is in accordance with the experiments in a vast part of the history of the Universe, including the acceleration (or Dark Energy dominated) era. With an additional scalar degree of freedom, this model can also describe the primordial inflationary period, which is a possible solution for the horizon and flatness problem. This is essentially the so called ΛCDM model, or the standard cosmological model, and it has been recently tested with high accuracy [1, 2] . With regard to this, very recently, the evidence also for a possible closed universe has been reported [3] .
It is also well known that the field equations of GR are a system of partial (quasi-linear) differential equations which are at most at the second order in the derivatives. This latter property has profound mathematical and physical implications. For instance, this fact is a necessary condition in order to build a consistent Hamiltonian formulation.
In a classical theory of gravity, a celebrated theorem due to Lovelock [4] states that in order to have second order partial differential equations as equation of motions for a scalar Lagrangian depending only on curvature invariants, one has to deal with higher dimensional space-times. In D = 4, the only Lagrangian admitting second order differential equation is the Einstein-Hilbert Lagrangian, up to the addition a cosmological constant. Both GR and Lovelock gravitational theories admit solutions corresponding to singular space-times, namely metrics whose scalar curvature invariants have singularities, or equivalently there exist geodesic incomplete metrics.
It is believed that quantum corrections to GR might solve the aforementioned singularities issues. In fact, in Quantum Loop Cosmology (QLC), an effective modified Friedman equation has been obtained, whose solution in a flat FLRW space-times admits a bounce, a solution without the GR Big Bang singularity [5, 6] . See also Refs. [7, 8] .
On the light of reference [3] , our aim in this paper is to extend this effective approach, inspired by QLC, to non flat FLRW space-times, making use of modified gravitational models. We will show that for some effective models, the associated generalized Friedmann equation, in general, may admit non singular FLRW metrics as solutions, but there exist pseudo de Sitter space-time solutions, namely metrics which coincide with the flat FLRW de Sitter patch, the one with vanishing spatial curvature. For non vanishing spatial curvature, and in the presence of a positive cosmological constant, the solutions are regular bounces for positive spatial curvature or singular Big-Bang metrics for negative spatial curvature.
The fact that the generalized Friedmann equations admit pseudo dS solutions might partially be understood observing that some of modified gravitational models are described by Lagrangians which are non-analytic in the curvature invariants, becoming singular on dS space-times.
The paper is organized as follow. In Section 2, a brief review concerning dynamical spherical symmetric space-times is presented. In Section 3 and 4 we discuss the issue associated with the dS solution respectively for some mimetic models and non-polynomial gravity models. In Section 5 we present an example of the aforementioned dS problem in the context of Horndeski gravity. In Section 6 we review Lovelock gravity and we show that these models are not affected by the pseudo dS issue. In Section 7 we draw some conclusions.
If not otherwise stated, in this paper we will consider the convention 8πGN = 1.
Spherically symmetric space
The D-dimensional Friedmann-Lemaitre-Robertson-Walker (FLRW) space-times are an example of Spherically Symmetric Space-times (SSS). For the sake of completeness, we shall briefly review the formalism we are going to deal with in the following sections. We follow Refs. [9, 10] . The generic SSS metric reads
where a, b = 0, 1 and r is a scalar quantity, while S 2 D−2 is the D − 2 dimensional sphere. Other relevant scalar quantities on SSS are
and
where ∇ 2 γ is the two dimensional Laplacian on the two dimensional normal space-time whose metric is γ ab .
For example, in a non flat FLRW space-time, the metric being
where a ≡ a(t) is a function of the time only, one has x = (t, ρ), r = a(t)ρ, γ ab = diag −1, a 2 1−kρ 2 , and we get
where H =ȧ a is the Hubble parameter. The other invariant (3) reads
the dot being the derivative with respect to the time coordinate t. As a result, J 2 and Q 2 are confirmed to be scalar quantities in a generic SSS. It should be noted that the Ricci scalar is given by
Now we see an example, which it will be useful later, namely the de Sitter (dS) space-time.
Besides the static patch
where H0 is a constant, dS space admits three FLRW space-times patches. The first one is flat FLRW patch with k = 0,
where a(t) = e H 0 t , and H = H0. From equation (5), we obtain J 2 = H 2 0 = Q 2 . Then we have the k > 0 patch. With a set of new coordinates (T, R) it can be written as
Here, a(T ) = cosh H0T , k = H 2 0 and H = H0 sinh H 0 T cosh H 0 T . We still have J 2 = H 2 0 = Q 2 , as in the flat case.
Finally, we have the k < 0 dS patch. With another set of coordinates (τ, σ) we obtain,
where a(τ ) = sinh H0τ , k = −H 2 0 and H = H0 cosh H 0 τ sinh H 0 τ . Again, we have J 2 = H 2 0 = Q 2 . In all dS patches, the Ricci scalar is constant and reads R = 12H 2 0 We conclude this Section by recalling that there exists a dynamical trapping horizon (see for example Refs. [9, 10] and references quoted therein) when χH = 0 (for instance, in FLRW when r 2 H J 2 = 1). In this case, there is a related dynamical surface gravity, dubbed Hayward surface gravity, given by
It is easy to show that the dynamical horizon for dS space-times in all the versions reads rH = 1 H 0 , and a surface gravity kH = H0. The possible relation of kH with a dynamical Hawking effect and Hawking temperature is discussed in Refs. [9, 10, 11, 12 ].
Mimetic models
If we want to work in D = 4, preserving the GR property of having second order differential equations in the FLRW space-time, we might consider the so called Horndeski models [13] , Horndeski mimetic models [14, 15, 16, 17, 18, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31] , DOHST models [32, 33] , or Non Polynomial Gravity models [34, 35] . In this Section we present the issue associated with the dS solution for some mimetic models.
A covariant renormalizable model
We firstly consider the following mimetic scalar tensor gravity model [36, 37] ,
where X = − 1 2 g µν ∂µφ∂νφ, λ is a Lagrange multiplier, φ is the mimetic scalar field whose potential is V ≡ V (φ), Λ the cosmological constant and Im is the matter-radiation action of a perfect fluid. The higher order contribution is given by
where α and n are constants. The above Lagrangian is a particular case of the general mimetic Horndeski Lagrangian [13, 32, 33] . Some examples of Horndeski mimetic gravity models have been recently considered in Ref. [20] . When the constant α is vanishing, and in the absence of matter, the above model reduces to the original mimetic gravity proposed by Chamseddine and Mukhanov [15] . In the following, we put V (φ) = 0 and we omit the matter contributions. In order to compute the field equations, we use the line element
where N ≡ N (t) is an arbitrary dynamical variable which takes the value N = 1 after its variations. The action is therefore a functional of a(t), N (t) and λ. Assuming an homogeneous and isotropic scalar field φ = φ(t), i.e. a dependency on t only, the variation with respect to λ gives the mimetic constraintφ 2 = 1 .
Thus, in the following we can consider φ = t. From the variation with respect to N (and considering N = 1 after the variation), we obtain the generalized Friedmann equation, which reads
where we have introduced the scalar quantity J 2 defined in (5) . Then, the equation of motion associated with φ gives
As a result, the Lagrangian multiplier can be eliminated and the final equation reads
As we noted before, for n = 1 one is dealing with a mimetic Hordenski gravity model. Let us investigate this case, namely
It should be noted that in this equation the quantities J 2 and H 2 appear. Therefore, for k = 0, J 2 = H 2 and the dS-like solution with H = H0 exists. However, the other two dS patches are not solutions of the above equation, due to the fact that J 2 should be again J 2 = H 2 0 , namely a constant, but the term H 2 explicitly depends on the time. Other solutions can be found for k = 0. As differential equation for a(t), one has
Let us assume positive Λ and 0 ≤ α < 2 3 . Thus, for k = 0, one gets
However, for non vanishing spatial curvature, there exist the two following solutions
where
The first one is a regular bounce solution, with J 2 finite but non-constant. The second one is a Big-Bang singular solution at t = 0. From Eq. (24), we see that the only way to obtain µ 2 = H 2 0 , as required by the de Sitter form of the metric (10) and (11) , is to consider α = 0, i.e. GR. This is not mysterious at all since de Sitter space is a maximally symmetric vacuum solution of Einstein equations. A static cosmological horizon with rH = 1/J = 1/H0 is associated to the dS space-time (see the last paragraph of the preceding Section). Here, when α = 0 and k = 0, we get a dynamical cosmological horizon. In the specific, for k > 0 one has 1/H 2 9α) ). On the other side, when k < 0, 0 ≤ r 2 H ≤ 1/H 2 0 with r 2 H (t = 0) = 0 and r 2 H (t → ∞) = H 2 0 . As a consequence, the dS solution does not exists in this model, but there exists three distinct cosmological FLRW models associated with the value of spatial curvature.
An extended mimetic gravitational model
In this Section we revisit the extended mimetic model introduced in Ref. [38] by making use of a Lagrangian minisuperspace approach. Here, however, we shall deal with non flat FLRW space-times, as considered very recently in Ref. [39] within a different approach.
We start with the action
The higher order differential
With the metric (15), the action is again a functional of a(t), N (t) and λ. However, we may simplify the derivation of the equations of motion considering N (t) = 1, and again assuming φ = φ(t), i.e. a dependency on t only. The variation with respect to λ gives again the mimetic constraint (16) . Therefore in the following we can consider φ = t. Thus
For our purpose we would like to consider the non-vacuum case, namely now we will take into account the contribution of standard matter. In this case, it is convenient to start with the variation of the action with respect to the scale factor a, which leaves to the generalized second Friedmann equation,
p being the matter pressure. Using the matter conservation laẇ
where ρ is the matter energy density, we can easily obtain the generalized first Friedman equation as
Furthermore, let us consider the choice [38, 40, 41] f (H) = 6H 2 + 12
where α is a dimensional positive parameter. Note that, since f (H) goes to zero when α → 0, in this limit one recovers GR. Thus f (H) may represent a "correction" to pure mimetic gravity. From equation (29) one has
which is equivalent to
With regard to an alternative Lagrangian derivation within a mimetic approach and when k is not vanishing, see Ref. [40] and references therein.
For k = 0 one has
This is the QLC modified Friedmann equation in flat FLRW space-time. For an equation of state p = ωρ, ω = −1, it admits a well known bounce solution
When the critical density ρc is going to infinity, one recovers the GR Big-Bang solution. For other cosmological bounce solutions see Ref. [42, 43] and references therein.
Furthermore, in the case ω = −1, namely ρ = ρ0, the above equation (33) admits a k = 0 dS solution.
On the other side, when k = 0, one has to make use of Eq. (32) which may be rewritten as
Then using J 2 = H 2 + ka −2 , and for k = 0, this equation does not admit in general a pure (vacuum) dS solution. Instead, we have the one-parameter family of particular solutions for ω = −1 and ρ = ρ0,
with
As a result, since ρ0 << ρc, for k > 0, one has a bounce solution, while for k < 0, one has a Big Bang singularity. For k > 0, we see that the qualitative behaviour is not far from de Sitter space.
Non vanishing spatial curvature models
When k = 0, and in presence of matter, in general the Big -Bang singularity may be absent. First we give an example of exact solution for the extended mimetic model presented above.
Consider the barotropic equation of state p = −ρ/3, i.e. the equation of state parameter is
It is convenient to introduce the quantity y(t) = a 2 (t).
In this case, equation (32) becomes
The related solutions are
where C is an arbitrary dimensionless constant of integration. Moreover we assume ρ0 > 3k in order to obtain a real solution. These are regular bounce solutions, with a(0) = 0. When C = 0, the regular solutions become a unique symmetric bounce solution, namely
The related density is also regular. When ρc goes to infinity, one recovers the well known GR solution, admitting the Big Bang singularity. For a generic ω, it is not easy to find an exact solution. Alternatively, one may start separating the variable in equation (32) with y = a 2 , namely
where we have used the matter conservation law and put
If k is not vanishing, the above integral is only exactly computable only for ω = −1/3. However, if we make an expansion around the critical point defined by Y (y * ) = 0, namely
one gets the approximate solution, valid for small t
Above, y * is solution of the transcendental equation (43) . It is easy to show that for ω = −1/3, one gets the approximate solution related to the exact solution found before. Thus, from equation (44), one may conclude that one has to deal with a regular symmetric bounce as soon as y * > 0 and Y ′ * > 0. As a check, for k = 0, one gets y 3/2+3/2ω = ρ 0 ρc , thus y * > 0, and Y ′ * = 
Non-Polynomial gravity models
The issue associated with non existence of the dS solution for mimetic models persists also in the case of Non-Polynomial (NP) gravity models, as we will show in this Section. In fact, we will find that the non-analyticity of these models might lead to the pseudo dS issue.
The F (R, G)-model
Consider a modified gravity model described by the following F (R, G)-gravity action,
where, again, Im is the matter-radiation action of a perfect fluid, F ≡ F (R, G) is a generic function of the Ricci scalar and the Gauss Bonnet four dimensional topological invariant defined as
If we consider a generic non flat FLRW space-time, and if we use again the line element (15) , then the Ricci scalar and the Gauss-Bonnet assume the form
Substituting these expressions inside the Lagrangian we obtain a higher derivative theory. However, in order to simplify the computation and the final expression, we can use two Lagrangian multipliers λ and µ and thus rewrite the action as [44] 
The variations with respect to R and G lead to
Thus, after integration by parts, one obtains the Lagrangian in the gravitational sector
which involves only first derivatives of the given variables. The variations with respect to N and a yield
where we fixed N = 1 after the variation, and we considered the contribution of matter. Obviously, for F (R, G) = R we recover the GR Friedmann equations. Since this model is a higher derivative theory, the above equations of motion involve the presence of third and fourth order time derivatives of the dynamical variable a(t). Furthermore, in general, the dS solution exists in all patches. For example with the choice
one has
In the dS case, R0 = 12H 2 0 and G0 = 24H 4 0 are constant, and for all dS patches J 2 = H 2 0 . Thus, with ρ0 constant or vanishing
which determines H0, namely the dS curvatures. Note that this example is not affected by the dS issue.
One can obtain the same result starting from dS existence condition for F (R, G) modified gravity which reads [45] 2F = RFR + 2GFG .
In the following, we would like to discuss another suitable choice for F (R, G), such that the above equations of motion contain only first and second order time derivatives of a(t). We will follow Ref. [46] . Let us consider
In fact, on a generic FLRW space-time, one has
Note that this choice necessarily contains a non analytic dependence on the variables R and G. The first modified Friedmann equation with this choice becomes
We may write the above equation in the form
This equation is similar to the one derived within the extended mimetic model. Thus, making again the choice f (J) = 6J 2 + 12
where α is again a dimensional positive parameter, one has
This leads to
When k = 0, ρ k (J) = 0, and the above equation coincides with the one obtained in the mimetic approach and, of course, they have the same flat bounce FLRW bounce solution. Again, when ρ = ρ0 constant, for k = 0, one has a flat dS like FLRW solution. On the other side, for k different from zero, dS solution does not exist. In this model, one may understand the non existence of the dS solution, since in the Lagrangian derivation of the above equation, due to the presence of the square root, some terms contain √ R 2 − 6G in the denominator, but this quantity is vanishing on the dS solution. An alternative and equivalent way to arrive at the same result is to verify that the condition (58) is not satisfied.
For ρ generic and for k not vanishing, equation (65) appears intractable. Thus, at first order in the small parameter 1 ρc = α 2 12 , one has
Let us take the simplest case ω = −1, namely ρ = ρ0. The solutions of the equation above read,
where we have taken into account that ρ0 − ρ 2 0 ρc > 0. Thus, for positive curvature k one has a bounce solution, while for negative curvature one deals with a singular Big Bang solution at t = 0. As in the cases of (23) for mimetic gravity J 2 is not a constant and we do not have the dS solution.
For the general case ω = −1 we observe that Eq. (67) may be written aṡ
Making an expansion around the critical point A(a * ) = 0, one gets, for small t, a(t) ≃ a * + A ′ * t 2 . As a result, when a * > 0, and A ′ * > 0, one may have finite regular FRWL cosmological solutions, as shown in the previous Section.
Other Non-Polynomial gravity models
Consider another example for any k, which generalizes the model firstly considered in Refs. [34, 35] for k = 0. The model is defined by the action
On a non flat FLRW, up to an integration by part, the gravitational Lagrangian reads
The variation with respect to a with the matter contributions leads to the generalized second Friedmann equation,
In the case k = 0, and provided that p = p0 constant, the dS solution in the flat patch exists. However, for k = 0, the dS solutions appear problematic. This fact is confirmed by the first Friedmann equation in the case k = 0. As usual, by covariance, the Friedamnn equation can be obtained making use of matter conservation equation, and reads
In the case k = 0 with constant energy density ρ = ρ0, the dS solution in the flat patch exists, but for k = 0 non-flat dS solutions do not exist.
Another similar example contains the G invariant, namely
The variation of the associated Lagrangian with respect to a leads to the generalized second Friedmann equation
from which it is possible to infer the first equation by making use of the matter conservation law,
Again, for k = 0, the dS solution in the flat patch exists. But, for k = 0, again, the dS solution does not exist.
In these two cases, as for the previous F (R, G) example involving a non analytical choice of F , one may understand the trouble with dS solution observing again that the non analicity present in the Lagrangians, in a covariant derivations, leads to variations containing denominators which are ill defined for the dS case.
Horndeski models
We continue our investigation concerning Lagrangian models in FLRW space-times with another well known class of of scalar-tensor model admitting second order equations of motion in arbitrary space-times: the so called Hordenski models.
An example of Horndeski model
In this section we will investigate only a reduced sector of Horndeski in vacuum. The action of this sub-sector is
This model has been studied without the potential in Refs. [52, 53] . The associated Lagrangian, rewritten in coordinates using the metric (15), reads
Making the variation with respect to N (t), and considering N = 1 after the variation, gives the generalized Friedmann equation
Moreover, performing the variation of the Lagrangian with respect to the field φ we obtain the equation of motion associated with φ,
The above equations are in agreement with the non flat FLRW Hordenski equations in Ref. [48] . Note that performing an additional variation with respect to a we can obtain the second generalized Friedmann equation. However, this equation simply follows from the two above equations (81) and (82).
When the potential is constant, i.e. V = V0, one haṡ
where C is a constant of integration. We want to investigate the existence of dS solution. Firstly, we consider the k = 0 case, and make the Ansatz a(t) = e H 0 t , H = H0 = J0 and J 2 = J 2 0 = H 2 0 . Thus the equation of motion of φ becomesφ
If C = 0, and choosing 3H 2 0 = V0, one has a flat dS-like solution. On the other hand, if C = 0, we may satisfy the equation (81) imposing α < 0 and fixing
For k = 0, the invariant, J 2 is not the equal to H 2 0 , and we have
As a result, one still has the dS like solution when C = 0. But for C = 0, the dS solution does not exist.
Another example of Horndeski model
Another example we propose is the following Horndeski model,
which corresponds to G4(φ, X) = α 2|X| with 2X = −∂µφ∂ µ φ in the general formulation of Horndeski action. In what follows, we assume to deal with a real field, i.e.φ 2 > 0, in the FRW space-time. This model has been studied in Refs. [54, 55] in the SSS space-time and, when the potential of the field vanishes, admits the Reissner-Nordstrom solution, such that the α parameter plays the role of the charge. By assuming (15) the associated Lagrangian simply reads
The field equations are derived as
while the continuity equation for the field leads tö
Clearly, in the case of k = 0 we recover GR, but when k = 0 a new contribution appears in the field equations. When V = 0 we havė
and when C0 = 0 we get the dS solution only if k = 0.
Lovelock gravity and its variants
In this section, after a brief review of Lovelock gravity, we will show that the problematic issue associated with the dS solution in all dS patches is not present within this model.
Review of Lovelock gravity
The Lovelock gravity action in the case D (≥ 4) reads
(95)
The δ stands for the totally anti-symmetric products of the Kronecker deltas, normalized to take values 0 and ±1 [4] , and it is defined by
The α (p) are coupling constants with dimension (length) 2(p−1) . We can choose α (0) = −2Λ, where Λ is the cosmological constant. Explicitly, the first terms of the Lovelock gravity action are
In even dimensions, the contributions to the action of the D/2-th order and above Lagrangians is null, as these Lagrangians become topological invariant and does not contribute to the field equations. In other words, the variation of these terms with respect to the metric gives a total derivative which does not contribute to the equations of motion. For instance, for D = 4, L (2) = G is the Gauss-Bonnet topological invariant which does not contribute to the field equations. Moreover, the higher order terms do not contribute to the field equations. Therefore the action reduces to Einstein-Hilbert action plus a cosmological constant. The equation of motions for any D (≥ 4) are
where T µ ν is the energy-momentum tensor for matter fields obtained from Imatter and
The tensor G 
It is easy to show that the equations of motion are second order partial differential equations, since only curvature tensors appear. In fact, we have
Lovelock gravity in non flat FLRW space-times
The first Lovelock-Friedmann (LF) equation of motion in a generic FLRW space-times reads [49] 8πGN T00 =
where the constant coefficients βp are proportional to the αp. The other equation can be derived by the above equation, as in GR, by taking into account of stress energy matter conservationρ
A remark is in order. The LF equation depends only on the SSS invariant J 2 (t) = H 2 (t) + k/a 2 (t). As a consequence, when there is a non-vanishing positive cosmological constant or a constant matter density, there exists the de Sitter (dS) solution, namely the solutions for the three dS patches corresponding to k = 0, k > 0 and k < 0 are explicit solutions of the LF equation.
Obviously, in D = 4 the situation is trivial, since Lovelock gravity reduces to GR plus cosmological constant. We will come back to Lovelock gravity in the next subsection, but in a different contest.
A degenerate Lovelock gravity in D = 4
As already mentioned, in D = 4 the Lovelock gravity is essentially GR. In order to go beyond GR in D = 4, we make use of an approach, discussed in Ref. [50] and reference quoted therein. The key idea is to start considering a Gauss-Bonnet-Lovelock gravity initially in D dimension. Then, making use of a particular choice of the Gauss-Bonnet coupling, one may take the limit D → 4. Recently the issue has been reconsidered in Ref. [51] .
The starting point is the following particular modified F (R, G)-model in D > 4 which belong to Lovelock class,
Thus, working in a non flat D-dimensional FLRW space time and then taking the limit D → 4, one obtains
which generalizes the equation obtained in Ref. [50] for k = 0. In this degenerate Gauss-Bonnet-Lovelock model, the dS solution exists in all patches, as soon as ρ is constant or vanishing.
For generic ρ, one gets
Thus, there exist bounce solutions for this model in FLWR space-times.
Conclusions
In this paper, we have investigated some extended or modified gravitational models in a generic non flat FLRW space-times. We have shown that, apart from GR, Lovelock gravity and reduced Lovelock gravity, the generalized Friedmann equations related to these modified extended models admits pseudo dS solutions, namely only for the flat FLRW case, the metrics look like the flat dS patch, but for positive and negative spatial curvature, the related solutions are not dS ones. In some cases, this issue has been identified with a singularity in the variational procedure, due to the non analyticity in the Lagrangians. One of the motivations to deal with such models is the fact that the generalized Friedmann equation for k = 0 admits as a solution a cosmic bounce, a non singular cosmological solution, which avoids the Big Bang initial singularity present in GR. With regard to this, we have presented an effective Lagrangian derivation based essentially on a mimetic extended approach and a modified gravity approach based on a specific choice of F (R, G) model.
The modified Friedmann equations obtained by these two approaches are quite different, they however give the same modified loop-cosmology Friedamnn equation in flat FLRW spacetime. The presence of non vanishing FLRW spatial curvature drastically changes the modified Friedmann equation, and dS space-time is not a solution of these equations. In some cases, when k < 0, and ω = −1, a Big Bang singularity is present.
Thus, in order to "solve" this pseudo dS issue, it is tempting to make the following Ansatz. Let us consider as effective Friedmann equation the following one
As a consequence, this equation depends only on the invariant J 2 . As usual, making the choice f (J 2 ) = 6J 2 + 12
one arrives at the modified Friedmann equation
This should be the generalization of the k = 0 QLC modified Friedmann equation, valid for non vanishing curvature, since this equation, for k = 0 reduces to the one already known, and the above equation, admits dS solutions for all patches. Furthermore, for α small, gives corrections to the GR, and may admit regular bounce solutions. This may be seen for specific choices for the barotropic parameter ω. In fact, for ω = −1/3, one has the symmetric bounce solution y = a(t) 2 = ρ 2 0 ρc(ρ0 − 3k)
where we assume ρ0 > 3k. Another choice is ω = − 2 3 . In this case, the symmetric bounce reads
in which ρ 0 ρc + 3k ρ 0 > 0. Note that in this case, one has a symmetric bounce also in GR as soon as k > 0.
For 0 < ω < 1, it is not easy to have an exact and explicit solution, but one may again start separating the variable in equation (110) with y = a 2 dy Y (y) = t ,
where we have used the matter conservation law and put Y (y) = 4ρ0 3 y 1/2−3ω/2 − ρ0 ρc y −(1+3ω) − 3k y ρ0 .
If k is not vanishing, this integral is only exactly computable only for ω = −1/3 and ω = −2/3, as reported above. Furthermore, making an expansion around the critical point Y (y * ) = 0, namely
one gets again the approximate solution valid for small t y(t) ≃ y * + (1 + ω)ρ0 2 y −1/2−3ω/2 * − k(2 + 3ω) t 2 .
Above, y * is solution of the transcendental equation (115). It is easy to show that for ω = −2/3 , −1/3, one gets the approximate solution related to the exact solution found before. Furthermore, for k = 0, one obtains an approximate result compatible with the exact well known solution. Thus, from equation (116), one may conclude that one has to deal with a regular symmetric bounce as soon as y * > 0 and
For example, for ρ << ρc and for k > 0, one may have a regular symmetric bounce.
